Abstract. We prove that, under reasonable conditions, odd co-dimension Riemannian foliations cannot occur in positively curved manifolds.
Introduction
Given a compact Riemannian manifold (M, g), a foliation F in (M, g) is said to be Riemannian if its leaves are locally equidistant. We prove Theorem 1. Let F be an odd-codimensional Riemannian foliation with bounded holonomy on a compact manifold M . Then M has a plane with nonpositive sectional curvature.
We say that a foliation has bounded holonomy if there is a constant that uniformly bounds the norms of all holonomy fields with unit initial condition. This class contains principal and associated bundles with compact structure group together with all regular homogeneous foliations defined by proper group actions (section 3.3).
A particular case of Theorem 1 is interesting in its own right: the vertical warping of a connection metric. Its proof also helps understanding Theorem 1. Let F be a Riemannian foliation in (M, g 0 ) with totally geodesic leaves. For any basic function φ, we consider a new metric g φ (X + ξ, X + ξ) = g 0 (X, X) + e 2φ g 0 (ξ, ξ), (1.1) for X horizontal and ξ vertical. We prove Theorem 2. If M is compact and g φ has positive sectional curvature, then F has a fat point. I.e., 
there is a point p ∈ M where the image of the O'Neill tensor, A
The first corollary is a strictly weaker version of Theorem 1. The second states that Wilhelm's conjecture holds for g φ .
Theorem 1 and Corollary 1.1 generalize the classical result of Berger on zeros of Killing fields ([Pet06, pg. 193] ). The proof follows along the same lines, but requires two different tools. The main tool is dual holonomy fields (sections 1.2 and 4), analogous to the virtual Jacobi fields in [VZ] . The second tool is an auxiliary space, the groupoid of infinitesimal holonomy transformations (section 3).
1.1. Notation. We mostly use the notation of [GW09] . We follow the usual nomenclature in Riemannian foliations, calling vectors tangent to leaves verticals and vectors orthogonal to leaves horizontals. We denote the set of vertical vectors at p ∈ M by V p and the horizontals as H p . They define the vector bundles V and H, respectively. The upper indexes h and v denote orthogonal projection to H and V, respectively. Holonomy fields are denoted by ξ and η, dual holonomy fields by ν. Vertical vectors are also denoted by ξ and ν whenever the context is free from ambiguity, or by ξ 0 and ν 0 otherwise. All inner products and covariant derivatives are in M . We only consider non-singular foliations, i.e., all leaves have the same dimension.
1.2. Holonomy and Dual Holonomy Fields. Given a horizontal curve c on M , a vector field ξ is called a holonomy field if it is vertical and satisfies
(compare [GG] or [GW09, pg. 17] ). Holonomy fields are natural generalizations of action fields in principal bundles: if F is given by a principal bundle, all holonomy fields are obtained by restricting the action fields to horizontal curves (Proposition 3.6). In this case, if M is compact, we can find an uniform bound for the norm of all holonomy fields with unit initial data.
Holonomy fields are entirely defined by the horizontal distribution H and do not sense the metric along the leaves.
A dual holonomy field is a vertical field ν that satisfies
Dual holonomy fields do sense the metric along the leaves. They appear in an interesting way in problems of integration along horizontal directions (as in [DS, Theorem 1] ).
Although we ask both holonomy and dual holonomy fields to be vertical, a vector field satisfying ∇ ḣ c ξ = −A * c ξ is vertical as long as it is vertical at a point (Remark 3.1). In particular, fixed a curve, holonomy and dual holonomy fields are in oneto-one correspondence to their vertical initial data.
In contrast to virtual Jacobi fields (whose norms can explode), dual holonomy fields are well behaved and give an interesting expression for the sectional curvature (Propositions 4.1 and 4.2). On the other hand, both constructions are closely related: in [VZ] , the authors define virtual Jacobi fields based on a choice of Lagrangian subspace of Jacobi fields with respect to a natural symplectic form. Such Lagrangian spaces coincide with the (n− 1)-dimensional family of Jacobi fields with self-adjoint Ricatti operator in [Wil] or [GW09, pg. 45] . Our dual holonomy fields are constructed in the same fashion, but using an isotropic subspace instead of a Lagrangian one.
In opposition to action fields, both holonomy fields and dual holonomy fields are, in principle, defined only along curves. This leads to the second tool: we introduce the groupoid of infinitesimal holonomy transformations as an auxiliary space, where we can construct global objects similar to action fields, whose restrictions to curves give rise to all holonomy and dual holonomy fields.
The precise definition of bounded holonomy follows below. An example of Riemannian foliation is given by the fibers of a Riemannian submersion. In this case, an important object that arises from F is its holonomy group ([GW09, pg. 13] ). For instance, if this group is compact, the submersion enjoys interesting properties ( [PW, SS, Tapa, Tapb] ). The condition of bounded holonomy is slightly more general and make sense for foliations. In section 3.3, we prove that it is satisfied for the common classes of Riemannian foliations mentioned in the beginning. Definition 1.3. We say that a Riemannian foliation has bounded holonomy if there is a constant L such that, for every holonomy field ξ, ||ξ(1)|| ≤ L||ξ(0)||.
When M is compact, this condition only depends on the horizontal distribution and not on all the structures invoked. We can also observe that a Riemannian foliation has bounded holonomy if and only if its dual holonomy fields satisfies the bound in Definition 1.3 (Lemma 5.2). This is how the boundedness of holonomy comes into the proof of Theorem 1.
The rest of the paper is divided in five sections. In section 2 we prove Theorem 2. In section 3, we construct the groupoid of infinitesimal holonomy transformations and in section 4 the dual holonomy fields. In section 5 we prove the main theorem and in section 6 we explore further the hypothesis and methods. The boundedness of holonomy is only used on section 5.
Proof of Theorem 2
In a vertical warping of a connection metric, the function φ plays the role of the norm of the Killing field in the proof of Berger result ([Pet06, pg. 193] ). We prove Theorem 2 using Gray-O'Neill's formula to compute the vertizontal curvatures of M at a maximum of φ.
Since holonomy fields of the metrics g 0 and g φ coincide (these two metrics have the same horizontal distribution), we can explicitly compute the S-tensor in the metric g φ . If ξ and η are holonomy fields along a horizontal curve c,
since the g 0 -inner product of two holonomy fields is constant. The S-tensor associated to g φ , S φ , is determined by
In particular, at a minimum of φ, S φ ≡ 0 and the equation for the unreduced sectional curvature ofċ and ξ (see [GW09, pg. 28] or 4.5) becomes
In addition, Hess φ is nonnegative at this point. Therefore, if K is positive, ||A * c ξ|| 2 φ must be nonzero for every nonzero pairċ, ξ. Corollaries 1.1 and 1.2 are direct consequences of linear algebra. For instance, if ξ is fixed, the map X → A * X ξ is skew-symmetric, consequently, it has nontrivial kernel when dim H is odd.
In general, the Hessian that appears in (2.1) is replaced by (∇ X S) X ξ, ξ , which is more difficult to control. The aim of the next sections is to construct a function that plays the role of φ in a general Riemannian foliation. We introduce this function in section 5. It is not defined on M but in a subset of the groupoid of infinitesimal holonomy transformations.
Theorems 1, 2 and 6.5 suggest that positively curved foliations may carry fat objects. We state a conjecture along these lines: 
The Infinitesimal Holonomy Bundle
Here we present an auxiliary space used in the proof of Theorem 1. The author believes that the language of groupoids is a natural language to introduce this object (see sections 6.2 and 6.3).
Foliations usually do not provide holonomy diffeomorphisms between leaves (as in the case of Riemannian submersions - [GW09, pg. 12] ). However, infinitesimal data can be recovered from holonomy fields. For a horizontal curve c :
as the linear isomorphism given by h(ξ 0 ) = ξ(1), where ξ(t) is the holonomy field along c with initial condition ξ(0) = ξ 0 . We call h an infinitesimal holonomy transformation.
Another way to recover the infinitesimal data is to use local horizontal lifts. Let F be a Riemannian foliation on a complete Riemannian manifold M . Recalling that F is locally a Riemannian submersion, for every horizontal curve c, we can find a neighborhood U of c(0) inside the leaf and a map ψ :
(1) ψ(x, 0) = x; (2) the map x → d dt ψ(x, t) defines a basic vector field for every t. We can always consider dψ (c(0),1) : V c(0) → V c(1) as an infinitesimal holonomy transformation, independent of the choice of U . It is easy to see that the set of such holonomy transformations coincide with the set of holonomy transformations defined in the first paragraph.
Let E be the collection of all infinitesimal holonomy transformations defined by F . E is naturally included in
where Iso(V p , V q ) stands for the set of linear isomorphisms between V p and V q . The natural operations on Aut(V) defines a groupoid structure, the source and target maps being defined on h : V p → V q by σ(h) = p and τ (h) = q, respectively. Moreover, E is closed by composition and inversion in Aut(V): if h : V p → V q is realized by the horizontal curve c and h ′ : V q → V r is realized by c ′ , then h ′ • h is realized by the concatenation of c and c ′ ; h −1 is realized by the curvec defined bỹ c(t) = c(1 − t). The identity section p → id Vp is realized by constant curves.
We endow Aut(V) with the topology defined by the submersion σ ×τ : Aut(V) → M × M along with the operator norm on Iso(V p , V q ) induced by the metric on M .
The space E inherits a topology and a groupoid structure from Aut(V). Smoothness and related questions are discussed in section 6, but neither topology nor differentiability will be used in the proof of Theorem 1.
As usual for groupoids, the restriction of τ to an orbit of E defines a principal bundle: let p ∈ M and denote Wil] or [GW09, pg. 40] ). The structure group of τ p , which we denote by H p , is the set of infinitesimal holonomy transformations realized by closed horizontal loops based at p.
Remark 3.1. In contrast to [Wil] , we consider holonomy fields along general horizontal curves instead of broken geodesics. We prefer to deal with the generality of smooth curves since we believe that it expresses better the non-Riemannian nature of (infinitesimal) holonomy transformations. With smooth curves, we still recover the set of infinitesimal holonomy transformations defined by broken geodesics: every broken geodesic can be made a smooth curve by a reparametrization that makes its velocity flat at cusps -from the second paragraph of this section, we see that infinitesimal holonomy transformations do not depend on the parametrization of their realizing curves.
To further justify how we are considering general curves, we observe that equation (1.2) together with a vertical initial data defines a vertical vector field. As mentioned, this fact is true for any field satisfying ∇ 
On the other hand, one can always obtain a horizontal frame of vector fields satisfying ∇ ḣ c Z = 0 (for instance, recall that F in M is locally a Riemannian submersion and use horizontal lifts of parallel vector fields.) 3.1. Examples. Let us give a brief idea of E p in some cases: Case 1. If F is given by the fibers of a Riemannian submersionπ : M → B, its holonomy group atπ(p) acts via diffeomorphisms on the fiber F =π −1 (π(p)) (see [GW09, pg. 13] ). In this case, H p coincides with the image of the isotropy representation of the holonomy group at V p = T p F . Case 2. Ifπ : M = Pπ → B is a principal G-bundle, holonomy fields are restrictions of action fields to horizontal curves (see Lemma 3.5 for a proof), i.e., ifξ is an action field and c is a horizontal curve, ξ(t) =ξ(c(t)) is a holonomy field along c. In this case, H p is trivial since
for every closed horizontal loop c. Furthermore,π • τ p : E p → B is isomorphic to the bundle reduction defined by the connection on P (denoted by P (p) in [KN, II.7 
in general, we can define a principal bundleP by gathering all holonomy diffeomorphisms with domain F . When the submersion has totally geodesic fibers, all elements ofP are inside the bundle defined by all isometries from F to any fiber (the last bundle is denoted by P in [GW09, Theorem 2.7.2]). Moreover, the last bundle inherits a natural connection fromπ andP coincides with its connection reduction passing through the identity. The structure group ofP is the holonomy group ofπ atπ(p), which we denote here by G.
To see how E p realizes the holonomy bundle, assume that M = L # p and observe that G acts naturally on E p : if g ∈ G and h ∈ E p are realized by the curves β and c respectively, we set h · g as the transformation realized by the concatenation of β followed by the lif ofπ • c to β(p). Equivalently, h · g =h • dg p , whereh is the infinitesimal holonomy transformation defined by the lift ofπ • c to g(p). This action is free, since g is an isometry:h•dg p = h if and only if g(p) = p and dg p = id, therefore g = id.
Case 4. The arguments in Case 3 remain valid whenever the holonomy group of the submersion is compact (see Theorem 6.6).
These facts are the main motivations for defining E and E p .
3.2. The Natural Action and Horizontal Lifts. The groupoid E acts naturally on vertical vectors. As we shall see, this action gives rise to all holonomy and dual holonomy fields. Let π : V → M be the bundle of vertical vectors and define
where E σ × π V is the usual fibered product:
We easily observe that the restriction ζ| Ep×Vp : E p × V p → V defines V as a linear bundle associated to E p .
Holonomy fields give a natural way to lift horizontal curves from M to E. For any horizontal curve c : [0, 1] → M , we defineĉ :
where ξ is the holonomy field along c with initial condition ξ(0) = ξ 0 . Observe that σ(ĉ(t)) = c(0) and τ (ĉ(t)) = c(t).
Given h ∈ E p and a horizontal curve c starting at τ (h), we define the τ p -horizontal lift of c at h asĉ h (t) =ĉ(t)h. It follows immediately from the definitions that all holonomy fields on L # p are recovered by these lifts. We state it as a proposition.
Proposition 3.2. Let h ∈ E p and c be a horizontal curve with c(0) = τ (h). Then
(1) Given ξ 0 ∈ V p , ξ(t) = ζ(ĉ h (t), ξ 0 ) is a holonomy field along c; (2) Given a holonomy field ξ along c, then ξ(t) = ζ(ĉ h (t), h −1 (ξ(0)). Moreover, the operator norm is continuous in the topology induced by Aut(V), since it is continuous in Aut(V). Proof. Since M is compact, every point in B can be connected to a given point x by a geodesic whose length is less then the diameter of M . Denote the holonomy diffeomorphism defined by a length minimizing geodesic that connects x to y by ψ y (the choice of the geodesic is irrelevant). Since the length of the geodesics are uniformly bounded, so are dψ y ([Tapa, Proposition 2.2]). The same is true for the differential of any element in the holonomy group, since the last is contained in a compact structure group. That is, the differentials dψ are bounded for all ψ in the holonomy group at x.
The proposition follows from the fact that every infinitesimal holonomy transformation can be decomposed as h = (dψ y ) −1 dψdψ y ′ for some ψ in the holonomy group, y = π(τ (h)) and y ′ = σ(h).
When the foliation is given by a family of Killing fields, we prove that all holonomy fields are the restriction of Killing fields in the family. This done, the desired bound is given in terms of the norms of the elements in the family. Proof. Let Ξ θ be the flow ofξ ∈ m. V is preserved by dΞ θ since V is spanned by the Lie algebra m. Sinceξ is Killing, dΞ θ also preserves the horizontal distribution. Therefore, if c is a horizontal curve starting at p, ψ(θ, t) = Ξ θ (c(t)) is a collection of horizontal curves. Furthermore, X = ∂ψ ∂t is a horizontal vector field along the image of ψ which satisfies [ξ, X] = 0. In particular,
As a corollary of Lemma 3.5, we get H p = {id}. If M has only one dual leaf, we see that E = M × M , which is a compact subset of Aut(V) if M is compact (thus bounding the operator norms of elements of E). A proof for the general case is given below. Proof. Given p ∈ M , denote by e p : m → V p the evaluation map and fix an inner product on m. Since m spans the vertical space at every point, the space
⊥ } defines a smooth vector bundle over M . We further endow it with the metric induced by e p . Denote the sphere bundle of E by S(E). We can define a function r : S(E) → R as r(p,ξ) = max q∈M ||ξ(q)||. Since r is continuous and S(E) compact, it has a maximum L. Lemma 3.5 guarantees that this is the desired bound.
Dual Holonomy Fields
When leaves are totally geodesic manifolds, the inner product between two holonomy fields is always constant. In this case, one can identify holonomy fields as their own duals. In any other situation, dual holonomy fields are introduced to play this role. We give three equivalent characterizations of these objects. (1) For any holonomy field ξ, ξ(t), ν(t) is constant;
We call a vertical field satisfying any of these conditions as a dual holonomy field.
Proof. Items (1) and (2) are clearly equivalent since ξ is a holonomy field if and only if ξ(t) = ζ(ĉ h (t), h −1 (ξ(0))) (Proposition 3.2). To verify the equivalence between (1) and (3), note that, for a holonomy field ξ, Item (1) connects dual holonomy fields to the virtual Jacobi fields defined on [VZ] . According to item (2), if we defineζ :
then, in analogy to Proposition 3.2,ζ(ĉ h (t), ν) is a dual holonomy field along c and any dual holonomy field can be expressed in this way. Item (3) provides an useful expression for the sectional curvature of the plane spanned byċ and ν (Proposition 4.2).
The Curvature Equation.
Proposition 4.2. Let ν be a dual holonomy field and γ a horizontal geodesic. Then, the unreduced sectional curvature K of the pairγ, ν along γ is given by
Proof. Recalling Grey-O'Neill's vertizontal curvature equation ([GW09, pg. 28 ]), we have
Computing the first term in (4.4), we get:
The analogous equation for a holonomy field ξ is
The advantage of (4.3) is the minus sign in front of ||Sγν|| 2 .
Proof of Theorem 1
Fix an unitary ν 0 ∈ V p and define a real function ρ ν0 : E p → R as
We use this function to replace φ in the proof of Theorem 1. For instance, at a maximum of ρ ν0 , equation (4.4) guarantees that (∇ X S) X ν, ν is non-positive and we can use linear algebra to deal with the A-term.
Theorem 5.1. Suppose that M is compact and F has bounded holonomy. Then, there exists a non-zero ν ∈ V such that, for every X ∈ H π(ν) , K(X, ν) ≤ ||A * X ν|| 2 .
Before proving Theorem 5.1, we make a connection between the hypothesis and the map ρ ν0 .
Lemma 5.2. A foliation F in M has bounded holonomy if and only if there are constantsl,L
Proof. Let L be a bound for the norm of holonomy fields with unit initial condition. According to Lemma 3.3, ||h|| ≤ L for all h ∈ E. On the other hand, since E is closed by inversion, ||(h * ) −1 || = ||h −1 || ≤ L for all h ∈ E. But, according to (2) of Proposition 4.1, this is equivalent to have a bound on all dual holonomy fields with unit initial condition. The constantsL andl can be taken as L and L −1 , respectively.
Proof of Theorem 5.1: Given ν ∈ V q and X ∈ H q , we take advantage of equation (4.2) by exploring the function f (t) = ||ν(t)|| 2 , where ν(t) is the dual holonomy field defined by ν along the geodesic spanned by X. From 4.2, 1 2
In particular, we complete the proof by finding ν that satisfies f ′′ (0) ≤ 0 for each X ∈ H q . Such a vector can be found by 'maximizing' the function ρ ν0 : let {h k ∈ E p } be a sequence whose images, {ρ ν0 (h k )}, converges to the supremum of ρ ν0 . We shall see that ν can be taken as any accumulation point for {ζ(h k , ρ 0 )}.
For simplicity, we assume for the sequence {h k } above, that {ζ(h k , ν 0 )} converges to some ν. The limit, ν, must be non-zero since there are constantsl,L > 0 such thatl ≤ ||(h * k ) −1 || ≤L (lemma 5.2).
Observe that the proof can be concluded immediately if {h k } converges to some h ∈ E p . In this case, ρ ν0 (h) is a maximum and, for every X ∈ H τ (h) , the function f (t) = ||ν(t)|| 2 has a maximum at 0. The theorem follows by equation (5.2). In the general case, we show that we can approach the function f by similar functions.
Fix X ∈ H π(ν) and let {X k ∈ H τ (h k ) } be sequence of horizontal vectors converging to X. Consider the family of real functions {f k } defined by f k (t) = ||ν k (t)|| 2 , where ν k (t) is the dual holonomy field defined by h k ν 0 along exp(tX k ). The sequence {f k } clearly converges pointwise to f . To conclude that the convergence is C ∞ , observe that the derivatives of f k are expressed in terms of S and the covariant derivatives of S. Since M is compact, we can uniformly bound any finite number of them.
Assume, by contradiction, that f ′′ (0) > 2d for some X ∈ H and d > 0. Let k be big enough so that f ′′ k (0) > d. Then, the second order Taylor expansion of f k gives:
The uniform bound on the derivatives guarantees an uniform bound |O
64l 2 , which converges to a value strictly bigger then f (0), unless f ′ (0) is negative. However, following along the same lines, we conclude that
, whereĉ k is the τ p -horizontal lift of exp(tX k ) at h k , we contradict the fact that f (0) is a supremum for ρ ν0 .
As in the proof of Corollary 1.1, the dimension hypothesis on Theorem 1 guarantees the existence of X ∈ H such that ||A * X ν|| 2 vanishes, concluding the proof of Theorem 1.
6. Final Remarks 6.1. Remarks on the proof of Theorem 1. We first observe that we proved a slightly better version of Theorem 1: Theorem 6.1. Let F be a Riemannian foliation on M with positive vertizontal curvature and odd codimension. Then, for each non-zero ν 0 ∈ V p , the orbit H p ν 0 is unbounded.
As a second remark, we observe that the use of the groupoid could be avoided: one could produce the maps f k in 5 considering a sequence of curves and dual holonomy fields that converges to a supremum. The introduction of the groupoid allows to organize better these ideas and to present a proof along the same lines of Berger's result or Theorem 2. Proof. Let ν be a non-zero dual holonomy field as in lemma 6.4. Using (4.3), we have 1 2
Since K(ċ, ν(t)) > 0, ||ν(t)|| 2 is unbounded, contradicting the hypothesis.
We believe that Theorem 6.5 might help proving Wilhelm's conjecture.
Based on the nomenclature used for principal bundles, we call a foliation irreducible if it has only one dual leaf.
6.4. Bounded holonomy as a generalization of compact holonomy. Here, we present a characterization shared by both Riemannian submersions with compact holonomy groups and foliations with regular bounded holonomy.
Theorem 6.6. Let F be an irreducible Riemannian foliation with regular holonomy on a complete manifold (M, g 0 ). Then F has bounded holonomy if and only if M admits a metric g 1 such that, for every X ∈ H and ξ ∈ V, g 1 (X + ξ, X + ξ) = g 0 (X, X) + g 1 (ξ, ξ), and all leaves are totally geodesic.
Proof. Suppose that F has bounded holonomy. Then, the closure of H p on Iso(V p , V p ) is compact and we can endow V p with an H p -invariant inner product , . Let τ * p V → E p be the pull-back of π : V → M and define the following bundle metric on τ * p V:
ξ, η h = h −1 ξ, h −1 η .
It descends to a unique bundle metricĝ 1 on V: for ξ, η ∈ V q , and h ∈ τ −1 p (q), let g 1 (ξ, η) = ξ, η h . To see thatĝ 1 is well defined, choose k, h ∈ τ −1 p (q) and observe that ξ, η h = h −1 ξ, h
where the last inequality follows since h −1 k ∈ H p and , is H p -invariant.ĝ 1 is smooth, since it extends smoothly to τ * V → Aut(V). Moreover, every element of E p is tautologically an isometry with respect toĝ 1 :
hξ, hη hk = k −1 h −1 hξ, k −1 h −1 hη = ξ, η k .
Recalling Proposition 3.2, item (2), we conclude that any pair of holonomy fields have constant inner product in the metric g 1 (X + ξ, X + ξ) = g 0 (X, X) +ĝ 1 (ξ, ξ). This proves that the S-tensor vanishes in g 1 .
The converse is also valid: if M admits a metric where all leaves are totally geodesic, all h ∈ E are isometries. Therefore, the collection of elements in all H p have uniformly bounded norms, since each H p is bounded and H q = hH p h −1 for any h such that h(p) = q.
Although Theorem 6.6 seems quite strong, it may be the case that bounded holonomy only occurs with regular holonomy. Such behavior is present in the context of Riemannian submersions, where compact holonomy implies a smooth structure on E (from the proof of [GW09, Theorem 2.7 .2]).
Theorem 6.6 also suggests a possible interplay between bounded holonomy, regularity of the holonomy and smoothness of H p . We close this section conjecturing how the relations between these structures might be. 
